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Abstract. In spite of the strong observational evidence suggesting a period of rapid expan-
sion in the early universe, the identity of the inflaton field that drove this expansion remains
elusive. Many inflaton candidate particles (both known and hypothesized) have been pro-
posed to explain the early accelerated expansion of the universe. Other explanations for an
era of rapid expansion in the early universe have been proposed via modifications of gravity
in one form or another.
In this paper, we consider the possibility of using a Van der Waals equation of state
to describe the early-time accelerated expansion of the universe. We do not attempt to
explain why the early universe may be filled with such a fluid, but rather investigate what
constraints may be placed on the parameters which describe a Van der Waals fluid that
sources an accelerated expansion in the early universe. We consider three different versions
of the Van der Waals equation of state and constrain the parameters of each using CMB
data. We find that two of the models do not fit constraints from observation. A third model
may satisfy observational constraints, but only under very narrow circumstances.
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1 Introduction
The discovery of the late time accelerated expansion of the universe [1] motivated the search
for physical theories that naturally contain a dark fluid with a nearly constant energy den-
sity and negative pressure. Perhaps the simplest cosmological model that incorporates this
is the ΛCDM model [2], which introduces a cosmological constant Λ into the Einstein field
equations to explain the late-time accelerated expansion. The many-orders of magnitude
disconnect between the expected value of Λ from particle physics and the value of Λ in-
ferred from cosmological observation motivates the search for models of dark energy beyond
ΛCDM . The details of dark energy based cosmology can be seen in ref. [3]. Models that
extend beyond ΛCDM include scalar field inflationary models [4], and in recent years various
models have been proposed with a modified equation of state [5, 6]. Chaplygin gas [7–19]
and Van der Waals quintessence [20–26] models, for example, provide accurate qualitative
descriptions of the universal expansion in different epochs of the cosmic evolution. These
models can be constrained not only from observations of the current epoch of a late-time
accelerated expansion, but may also be cast in the form of a scalar field in the early universe.
Consequentially, these models also make inflationary predictions that can be tested against
observation [8].
The authors of ref. [20] propose a model of the universe that contains a baryonic com-
ponent with a barotropic fluid equation of state (p = wρ) and a dark fluid component char-
acterized by a Van der Waals equation of state that causes a late-time accelerated expansion.
Unlike conventional barotropic models, a Van der Waals fluid contains phase transitions be-
tween different cosmological eras. One intriguing aspect of the Van der Waals fluid model
proposed in ref. [20] is that it also contains an early-time de-Sitter expansion followed by a
matter-dominated epoch without the introduction of a separate scalar field. In other words,
the authors find that both an early and late time accelerated expansion (e.g. inflation and
dark energy) may be caused by the same Van der Waals fluid.
In this work, we explore three different parametrizations of the Van der Waals equation
of state describing an early time accelerated expansion. We choose a series of observational
constraints based on data from the Planck satellite [27] and use these constraints to place
limits on the parameters of each model. In section 2 we discuss cosmology with a Van der
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Waals equation of state and introduce the three Van der Waals models that we consider. In
section 3 we develop the formalism and list the criteria that we will use to evaluate each
model. Sections 4, 5, and 6 discuss the results from each of the three models. Conclusions
are given in section 7.
2 The Van der Waals equation of state
We begin with the homogenous and isotropic Friedmann-Robertson-Walker (FRW) metric
ds2 = dt2 − a(t)2 [dr2 − r2dΩ] , (2.1)
from which one may derive the Friedmann equations (without a cosmological constant term)
as
(
a˙
a
)2
+
k
a2
=
8πG
3
ρ (2.2)
a¨
a
= −4πG
3
(ρ+ 3p) (2.3)
where a is the scale factor, an overdot indicates differentiation with respect time, k is the
curvature parameter, and ρ and p are the energy density and pressure of the cosmological
fluid, respectively. The curvature parameter k is set to zero, as current observations [27]
indicate that the universe is spatially flat.
Local conservation of stress-energy for the cosmological fluid yields
ρ˙ = −3 a˙
a
(ρ+ p) . (2.4)
In the scalar field description, the energy density and pressure of the scalar field are [28]
ρ =
1
2
φ˙2 + V (φ) (2.5)
p =
1
2
φ˙2 − V (φ). (2.6)
Typically, the equation of state of a cosmological fluid is described by the parameter w =
p/ρ = (1
2
φ˙2−V )/(1
2
φ˙2+V ), where the second equality is for the specific case of a scalar field.
This equation of state produces a nonlinear relationship between the pressure and energy
density of the scalar field, whose dynamics are determined by the form of the potential V (φ).
We now consider three models in which the inflationary expansion of the early universe
is posited to be driven by a Van der Waals fluid. Using a scalar field treatment, we extract
constraints on the parameters in the Van der Waals equation of state from inflationary
observables and a few reasonable assumptions (described in section 3 below). We would like
to mention here that we are not proposing a mechanism that explains why the inflationary
fluid is described by this equation of state. Rather, given our current lack of understanding
of the nature of inflation, this equation of state may be thought of as a generalization of the
conventional equation of state p = wρ. The three Van der Waals models that we consider
are described below.
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1. One-parameter model: The first model is a reduced, dimensionless equation of state
given by
p =
8wρ
3− ρ − 3ρ
2, (2.7)
where w is a non-negative constant.[26, 29]
2. Two-parameter model: The second model parametrizes the Van der Waals equation
of state in terms of a constant parameter γ and critical point ρc (see [22] for details).
The equation of state for this two-parameter model is
p =
γρ
1− 1
3
ρ
ρc
− 9γ
8ρc
ρ2. (2.8)
3. Three-parameter model: The third model that we consider is an equation of state
based on three constant parameters α, β, and γ. In a classical Van der Waals gas the
α term is related to the intermolecular interaction and the β term is related to the
particle size. This model is described by the equation of state
p =
γρ
1− βρ − αρ
2. (2.9)
3 Inflation with Van der Waals fluid
Beginning with the FRW metric, the evolution of the scalar field φ is described by the Klein-
Gordon equation [30]
φ¨+ 3Hφ˙+ V ′(φ) = 0, (3.1)
where the Hubble parameter H is H ≡ a˙/a.
Typically, one first specifies the scalar field potential V (φ) and then determines how p
and ρ relate and evolve with time. Here, we will begin with the assumption of a Van der
Waals equation of state and then determine the effective potential V (φ) that can produce an
early-time accelerated expansion that matches with observation.
The Friedmann equations (eqs. (2.2), (2.3)) can be written in terms of the scalar field
φ as:
H2 =
(
a˙
a
)2
=
8πG
3
(
V (φ) +
1
2
φ˙2
)
(3.2)
a¨
a
=
8πG
3
(
V (φ)− φ˙2
)
. (3.3)
Inflation occurs when a¨a > 0, which is equivalent to φ˙
2 < V (φ). A de Sitter expansion occurs
in the limit where φ˙→ 0.
Combining eqs. (2.2), (2.4), (2.5), (2.6), and the relationship
(
dφ
dt
)2
= ρ+ p, (3.4)
we find
dρ
dφ
= ±
√
24πGρ(ρ + p) (3.5)
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where the sign indicates whether the scalar field potential V (φ) is bounded from above (+)
or below (-). Eqs. (2.5) and (2.6) may be rearranged to give
V (φ) =
1
2
(ρ− p). (3.6)
The inflationary slow-roll parameters are
ǫ(φ) =
1
16πG
(
V ′(φ)
V (φ)
)2
(3.7)
and
η(φ) =
1
8πG
V ′′(φ)
V (φ)
. (3.8)
It is convenient to define the amount of inflationary expansion in terms of the number of
e-foldings (N) of the scale factor
N = 2
√
πG
∫ φ
φe
dφ′√
ǫ(φ′)
, (3.9)
where φe is the field value at the end of inflation (where ǫ = 1).
Using eq. (3.6) to re-express eqs. (3.7), (3.8), and (3.9) in terms of ρ, we find
ǫ(ρ) =
3
2
[√
ρ (ρ+ p)
(
1− dpdρ
)]2
(ρ− p)2 (3.10)
η(ρ) =
3
2
(
1− dpdρ
)(
ρ+ p+ dpdρ + 1
)
ρ− p (3.11)
N =
1
3
∫ ρ
ρe
dρ′
ρ′ + p(ρ′)
. (3.12)
The above equations are in turn used to calculate the spectral index ns and the tensor-to-
scalar ratio rt/s.
ns = 1− 6ǫ+ 2η = 0.9667 ± 0.0040 (3.13)
rt/s ≈ 16ǫ ≤ 0.11 (3.14)
The numerical constraints given in eqs. (3.13) and (3.14) are evaluated for N & 50 − 60
e-foldings, consistent with the Planck 2015 results.[27]
The constraints that we use to evaluate the three Van der Waals models are:
1. dφdt is real-valued at all times
2. ǫ≪ 1 at the beginning of inflation
3. η ≪ 1 at the beginning of inflation
4. ǫ = 1 at some point during the evolution of the scalar field φ (indicating the end of
inflation)
5. ns = 0.9667 ± 0.0040 at ∼ 50 e-folds before the end of inflation
6. rt/s ≤ 0.11 at ∼ 50 e-folds before the end of inflation
4 One-parameter model
The reduced Van der Waals equation of state is given by eq. (2.7). The evolution of the scale
factor as a function of energy density is
a(ρ) = C
(
3 + 8w − 10ρ+ 3ρ2
ρ2
) 1
2(3+8w)
(
3ρ− 5− 2√4− 6w
3ρ− 5 + 2√4− 6w
) 2w−3
3(3+8w)
√
4−6w
, (4.1)
where C is an integration constant.[29] The initial value of ρ (when a→ 0) is
ρ0 =
5− 2√4− 6w
3
. (4.2)
It should be noted that at ρ0, p = −ρ0 for w = 18 , indicating that this one-parameter
model is capable of producing de Sitter expansion in the early universe. When evaluated at
the beginning of inflation (ρ = ρ0), we find that ǫ(ρ0) = 0, but η(ρ0) < −3 for 0 ≤ w ≤ 23
(which violates constraint 3).
5 Two-parameter model
The Van der Waals equation of state parametrized in terms of the critical point is given by
eq. (2.8). The scale factor as a function of ρ is
a(ρ) = C
[
3γ
8ρ2c
ρ2 − 27γ+1
24ρc
ρ+ γ + 1
ρ2
] 1
6(γ+1)


3γ
4ρ2c
ρ+ 27γ+1
24ρc
−
√(
27γ+1
24
)2
− 3γ
2ρ2c
(γ + 1)
3γ
4ρ2c
ρ+ 27γ+1
24ρc
+
√(
27γ+1
24
)2
− 3γ
2ρ2c
(γ + 1)


27γ+1
24ρc(γ+1)
+ 13ρc
6
√√√√( 27γ+1
24ρc
− 3γ
2ρ2c
(γ+1)
)
(5.1)
where C is a constant of integration. If we restrict ourselves to real-valued solutions for
a(ρ) that monotonically decrease with increasing ρ, we may restrict the allowed range of the
parameter γ to
− 24
43
≤ γ ≤ − 8
27
(5.2)
or
0 ≤ γ ≤ −72 + 32
√
6
45
. (5.3)
For this model, the initial value of ρ is
ρ0 =
27γ+1
24ρc
−
√(
27γ+1
24ρc
)2
− 3γ
2ρ2c
(γ + 1)
3γ
4ρ2c
. (5.4)
Numerically combining eqs. (5.2) and (5.3), the requirement that |η| ≪ 1 further con-
strains the allowed range of γ to be
0.105 ≤ γ ≤ 0.142 (5.5)
(with 0.105 ≤ γ < 0.121 for η < 0 and 0.121 < γ ≤ 0.142 for η > 0). For the allowed
range of γ (eq. (5.5)) in the two-parameter model, we find that constraint 1 is violated. This
is because immediately after inflationary expansion begins, ρ + p < 0 implying that dφ/dt
becomes complex-valued (from eq. (3.4)).
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6 Three-parameter model
The scale factor for the three-parameter equation of state is
a(ρ) = C
[
αβρ2 − (α+ β)ρ+ γ + 1
ρ2
] 1
6(γ+1)
[
2αβρ+ α+ β − ζ
2αβρ+ α+ β + ζ
] α+β2(γ+1)+β
3ζ
, (6.1)
where C is an integration constant, ζ ≡
√
(α+ β)2 − 4αβ(γ + 1), and ζ is real-valued1.
Setting a(ρ0) = 0 yields
ρ0 =
α+ β − ζ
2αβ
. (6.2)
It can be shown that at the beginning of inflation
ǫ(ρ0) = 0, (6.3)
which automatically satisfies constraint 2 (ǫ≪ 1 at the beginning of inflation).
Despite not being explicitly ruled out, we find the three-parameter Van der Waals
equation of state to be highly fine-tuned. Setting α = 0.008, β = 0.0002, and γ = −0.26,
we find ǫ(ρ0) = 0 and η(ρ0) = −0.01655. In this model, the universe will undergo N ≃ 56
e-foldings of expansion and have a spectral index and tensor to scalar ratio of ns = 0.9669
and rt/s ≃ 0, respectively. This model is highly fine-tuned in that a variation in any of the
Van der Waals parameters (α, β, or γ) by as little ∼ 1% causes the three parameter Van der
Waals model to violate at least one of the constraints of section 3.
Using eqs. (3.5), (3.6), and the parameter values of α, β, and γ mentioned above, we may
reconstruct the inflaton potential. In this model, we find that the Van der Waals equation
of state behaves as a scalar field on a hilltop potential. A numerical reconstruction of the
scalar field potential V (φ) is shown in figure 1. From our reconstruction, we find that the
characteristic scale of the inflaton potential is of the same order of magnitude as the Planck
scale. If we require that all inflationary physics occur below the Planck scale, we may rule
out this three parameter model as well.
7 Conclusions
In this work, we investigated the viability of three different parametrizations of a Van der
Waals fluid as a model of inflation in the early universe. The models each contained one,
two, or three free parameters in the Van der Waals equation of state. We found that the
three Van der Waals models considered may produce an epoch of de Sitter-like expansion
in the early universe (when the scale factor a → 0), but two of the three models considered
violate observational constraints and the third model is highly fine-tuned.
The first model considered (with only one free parameter) predicts a non-slow rolling
field solution (specifically the slow roll requirement |η| ≪ 1 is violated) at the beginning of
inflation. Demanding a slow-roll inflationary solution (e.g. the slow roll parameters ǫ and η
are small) allows us to numerically constrain the constant γ in the two-parameter Van der
Waals equation of state. This two-parameter Van der Waals equation of state may be ruled
out when we demand that dφ/dt remain real valued.
1
We demand that ζ be real valued to ensure that the scale factor a remains real valued.
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Figure 1. The scalar field potential V (φ) for a three-parameter Van der Waals equation of state.
The parameter values used are α = 0.008, β = 0.0002, and γ = −0.26.
We did find that there exists a viable but highly constrained region parameter space
for the three parameter Van der Waals equation of state that does not violate any of the
six constraints listed in section 3. These values center around α = 0.008, β = 0.0002, and
γ = −0.26. These values are rather fine-tuned in that a variation of any of these parameters
by as much as∼ 1% may be excluded. Nonetheless, we can reconstruct an effective hilltop-like
inflationary potential from this three parameter Van der Waals equation of state. This model
may be ruled out, however, if we require a seventh constraint: that the inflaton potential
does not surpass the Planck scale.
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